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1 Giéi thigu

Bai viét dya trén mot loat bai gidng vé Binary Search ctia ITMO Academy véi khéa hoc tén 13 pilot,
cac ban c6 thé tham khao ban goc & dia chi https://codeforces.com/edu/course/2/lesson/6. Dya
trén bai viét d6 toi viét lai bang tiéng Viet va diing Python dé cai diit, qua qua trinh tim hiéu toi dua ra
mot vai nhan xét dé cac ban cé thé hiéu ré hon vé bai viét goc.

Mbi bai viét vé chii dé nay (tong s6 c6 nam bai vé chii dé nay) sé bao gom phan ly thuyét va phan
thuc hanh. Ban cdn mot handle trén codeforces dé nop bai, va c6 thé diing nhiéu ngon ngit lap trinh
khac nhau. Dung C, C++ theo ¥ dd ctia tac gid https://codeforces.com/profile/pashka hodc bat
ky ngdn ngit yéu thich nao.

Céau tric ctia mdi bai gidng gom hai phan, mot 14 mot video trinh bay 1y thuyét va code miu duge
huéng dan chi tiét, hai 14 mot practice v6i mot sd bai todn, don gidn ban chi can hoc theo va nop bai
(submit). Tuy nhién sé hay hon néu ty lam va tim hiéu kj thuat toan. Do vay, bai viét nay ciing bao
gom hai phan nhu bai gbc.

2 Ly thuyét

Sau khi nghién ctu ky 1y thuyét va cdc bai tap clia bai viét t6i nhan thay day 1a mot bai khéi dau dang
don gidn ciia thuat toan tim kiém nhi phan, céc phién ban bd sung ctia né déu duge hau hét céc ngon
ngit 1ap trinh cao cip trang bi.

Don ctt thu vien STL ctia C++ v6i cdc ham binary_search(), upper_bound, lower_bound(),
Python véi cac ham thuoc thu vién bisect nhu bisect.bisect_right(), bisect.bisect_left().
Nghia 1a néu ban khong cai dat ciing nhu hidu 16 chi tiét clia ting thuat toan thi vAn cé thé van dung
cac ham dyng sdn (build-in) trén dé nop bai.

Phat biéu bai toan:

Cho day s6 A = {a1,as,...a,} théa diéu kien a; < a;41. Tim phan tt x xem c6 xuét hién trong day
trén hay khong, nghia la ton tai ¢ sao cho a; = x. Néu tim thay trd vé vi tri tim thay a; = z (ho#c don
gidn tra vé True), ngugc lai tra vé gia tri -1 (-1 1a ty quy wdc, hodc False).

Xét vi du cho day A = {1,2,5,6,7,9,12,14,15,32}, 2 = 6, két qua tim kiém la r = 3. Xét © = 3— >
r = —1 hoac tra vé False.

Day 14 mot bai toan cyc ki cd ban cho cac hé thdng tng dung trong tin hoc, xuit hién hau khip moi
noi dude goi 1a bai toan tim kiém. Dya trén yéu cau ndyy ma cdc phuong an tim kiém 18i gidi, cai tién
thuat todn dé cho ra doi nhidu thuat toan tim kiém hon, nhiéu ciu tric di lidu tit tuyén tinh cho dén
phi tuyén hd trg cho viéc tim kiém thong tin sao cho t6t nhat. Cac thuat toan Al ciing tham gia md rong
ra linh vyc nghién ciu dya trén bai todn co ban nay.

Quay lai v6i bai toan. Y tudng dé xuét cho né lan lugt nhu sau:

2.1 Thuat toan naive- Tim kiém tuan tu

Chinh 1a thuat toan tim kiém tuan ty, ¥ tudng lan lugt so sanh phan t can tim z v6i ciac phan tit cla
day tinh tir trai sang, néu tim thiy két thic tim kiém vi tra vé vi tri tim thay, néu duyét hét ma khong
tim thay thi gan két qua 1a -1 (tu quy u6c). Mot thuat toan cyc ky dé cai dat, ma gid nhu sau:
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SequenceSearch
1 Tim kiém tuin tu
2 input: A, x
3 output: position of x=A[i] if find else -1
4 methode:
5 Begin
6 i:=1;
7 while (i<=n and x!'=A[i]) do
8 inc(i);
9 if (i<= n) then
10 return i (*return Truex)
11 else
12 return -1; (kreturn Falsex*)
13 End;

Do phiic tap clia thuat toan 1a O(n). Néu dé chay thuat toan nay cho lap trinh thi dau thi véi khoang
n < 107 — 108 chay mat mot giay, tham s6 chuan clia may cham.

2.2 Thuat toan tim kiém nhi phan

Mot diém rat dic biét clia bai toan ma thuat toan tren khong khai thac duge chinh 1a a; < a;+1, nghia
la day da cé thu ty khong gidm. Y tudng chia dé tri (divede and conquer) dé xuat cho bai toan nay goi
la tim kiém nhi phan (binary search).

Xét vi du vé thuat toan tim kiém nhi phan nhu sau: Cudn siach ban dang doc ¢6 1000 trang va cé
danh sb trang, va ngay hom qua ban di doc dén trang thit 347 ma khong c6 ddnh dau nao trén sach ca.
Bay gio ban can tim dén trang 347 dé doc tiép va cach ban tim 1a nhu thé nao?

Céach 1. Ban bit diu md sach va bat dau tit trang 1 ban 1at lién tiép cho dén trang thit 347. Chinh
13 thuat toan naive ¢ muc 2.1 trén. Sé méi tay néu trang can doc la 997 nhi.

Cach 2. Ban ang chimg (udc lugng) trang 347 va lat & vi tri d4ng chiing d6 va xem do6 1a trang s6
méy. Néu né 1a sb trang s6 500, 16n hon s6 347 thi ban c6 can phai tim trong nita sau ctia quyén sach (tit
trang 500 trd di) nita khong?. Ch#c chin 1a khong, nhu vay minh da loai di gan nita quyén séch can tim.
Va ban lip lai hanh dong tuong ty dé tim dén trang 347 véi nita dau ctia quyén sach, cit thé dén khi ban
tim dugc trang sd 347.

Do dé biéu dién sy ang chitng (udc lugng ') khi lat trang 1a khé cho nén dé don gidn ngudi ta chon
vi tri & chinh giita v duge x4c dinh mot cach rat don gidn bing k§ thuat hai con tré (two points), mot
trd beén trai (L) va mot tro ben phéi (R) quan 1y toan bo sb trang clia quyén sach.

Thuat toan mo phéng dé quy nhu sau:

1Y twéng nay chinh la sy cai tién ciia thuat toan tim kiém nhi phan. Goi 1a chon chét theo xac suét



BinarySearch
1 Tim kiém nhi phan
2 input: A, x
3 output: position of x=A[i] if find else -1
4 methode recursive
5 function Bs(A, L, R, x) return Integer
6 Begin
7 if (L > R) then return -1
8 else
9 begin
10 mid:=(L+R)/2;
11 if (A[mid]=x) then return mid
12 else
13 if (A[mid] < x) then return Bs(A, mid+1, R, x)
14 else return Bs(A, L, mid-1, x);
15 end;
16 End;

Do phiic tap ctia thuat toan 1a O(logN) nhanh hon rat nhiéu so véi thuat toan naive 2.1 & trén. Vige
chia d&y nhi phan trad vé vi trf chinh x4c clia phan ti cin tim néu day s6 1a khéa (key) va c6 thit tu
khong giam.

Néu day van dam béo thit ti khong gidm nhung ¢6 nhiéu phan ti triing nhau, vay khi dé thuat toin 2.2
trén tra vé vi trf ctia phan i can tim 1 vi tri nao?. Xét vi du cho day A = {1,2,5,6,6,6,6,7,9,12,14,15},
x = 6, két qua tim kiém 1a r = 6. Tai sao khong 13 3 ma 1a 6, 13i gidi thich sé& gip & phan thyc hanh 3.1

3 Thuyc hanh

3.1 Problem A

Phat biéu bai toan: O day t6i dich lai n6i dung bai toan, néu ban thich doc nguyén ban tiéng Anh thi
xem link & 3.1.



https://codeforces.com/edu/course/2/lesson/6/1/practice/contest/283911/problem/A

ﬁ[Bai tap 1: Cai dat thuat toan Binary Search] N

Cai dat thuat toan binary search va ting dung.

Input

e Dong thit nhéat chita hai s6 nguyén duong n, k théa 1 < n,k < 10°, n I kich thuéc ctia day va
k cau truy van.

e Dong thit hai chita n phan t clia ddy c6 thit ty khong gidm, mdi phan ti c6 gia tri tuyet doi
nhé hon hozc bing 10°.

e Dong thit ba chita k phan ti 13 cac s6 nguyén cho céc truy van.

Output

e Ung v6i méi truy van in ra YES néu tim thay vi NO néu nguge lai, mdi truy vAn in trén mot
dong.

Samples

Input samples

10 10

161 126 217 2876 6127 39162 98126 712687 1000000000
100 6127 1 61 200 -10000 1 217 10000 1000000000
Output samples

NO

YES

YES

YES

NO

NO

YES

YES

NO

YES

Nhan xét va giai:

Day 1a bai todn don gidn chi cai dit lai noi dung ciia thuat toan tim kiém, tuy nhién ban khong thé
ding thuat todn naive 2.1. Ly do do phiic tap sé 1a O(n x k) = 10'° khong du thoi gian chay ma phai
cai dat thuat toan binarySearch 2.2 khi d6 do phitc tap chi 1a O(k x LogN) di chay véi 1 < n, k < 10°.

Ma ngudn sau duge viét bing Python:



A.py

1 #function bSearch: Thudt toan 1ldp

2 def bSearch(List, x):

3 L, R =0, len(List)-1 #Chi muc python clia List bit ddu t¥ 1 dén n-1.
4 while L <= R:

5 mid = (L+R)// 2

6 if List[mid] ==

7 return mid #Cé thd return True.

8 elif List[mid] < x:

9

L =mid + 1
10 else:
11 R =mid - 1
12 return -1 #C6 thd return False.

13 #Ham chinh

14 n, k = map(int, input().split())

15 List = [int(i) for i in input().split()]
16 query = [int(i) for i in input().split()]
17 for i in query:

18 if bSearch(List, i) !'= -1:
19 print (’YES’)
20 else:
21 print (°NO’)
o
Nhan xét:

+ Bai nay c6 thé diing ham binary_search() ctia STL C++ dé nop bai.

+ Néu day s6 ctia minh c¢6 nhiéu phan ti bing nhau thi thuat todn c6 trd vé vi tri xuét hién
dau tién tinh tit trdi sang nhu thuat toan tim kiém tuan tu & trén, hodic gia 1a trd vé vi tri xuét
hién dau tién tinh tit phai sang. Cau tra 15i 1a c6 thé khong trad vé vi tri mong mudn nhu vi du
A=1{1,2,5,6,6,6,6,7,9,12,14,15}, x = 6, két qua tim kiém 1a 6 ma khong phai 3.

+ V6i nhan xét nhu trén, hai bai toan sau chinh 13 phién ban khac ciia thuat toan tim kiém nhj
phan: Tim vi tri chén mot phan t vio danh sach c¢6 thit tu sao cho sau khi chén danh sach vin dam
bao tinh tht ty, nhu vay & day c6 hai vi trf chén rat dic biét d6 1a vi trf bén trai nhat va bén phai
nhit ma vin dam bao tinh ting dan.

+ Vidu xét day A = {1,1,2,3,3,3,3,4,4,4,5,5,6}. Néu phan ti can chén la 4 thi ¢ day c6 hai
vi trf diic biét. Vi tri thi nhat tinh tir trai qua dé 1a vi tri thi 7, vi tri thit hai tinh tit phai sang 1a
vi tri thit 10.

Demo cho hai bai toan trén bing hai ham build-in ctia python

Command Line

>>>L=[1,1,23,3,3,3,4,4,4,5,5, 6
>>> 1 = bisect.bisect_left(L, 4)
>>> j = bisect.bisect right(L, 4)
>>> print (i, j)

Hai bai toan B va C sau chinh 13 hai bai toan ma ta dé cap, tuy nhién dudc viét theo cach nhin khéc ciia
tac gia.

3.2 Problem B

Phat biéu bai toan: O day toi dich lai noi dung bai toan, néu ban thich doc nguyén béan tiéng Anh thi
xem link & 3.2.
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ﬁ[Bai tap 2: Gan bén trai nhét] <

Cho mot day s6 nguyen A = {aj,as,...,a,} sip tht tu khong gidm va k truy van. V6i mdi truy
van, tim chi muc 16n nhét ciia mot phan ti trong day khong 16n hon phan ti cho trude.

Input

e Dong thit nhét chita hai s6 nguyén duong n, k théa 0 < n,k < 10°, n I kich thudc clia day va
k cau truy van.

e Dong thit hai chita n phan t clia ddy c6 thit ty khong gidm, mdi phan t c6 gia tri tuyet ddi
nhé hon hoic bang 2.10°.

e Dong thit ba chita k& phan tit 1& cac sd nguyén cho céc truy van.

Output

e Ung v6i mdi truy van in ra chi s6 16n nhat ctia mot phan ti mang khong 16n hon sé da cho,
néu khong c6 in 0. Mai s6 in trén mot dong.

Samples

Input samples
55

33589
248110
Output samples
0

T O =N

o
Nhan xét:
+ Day chinh 1a thuat todn bisect_right() cla thu vién bisect va hoan toan tuong tu thuat
toan upper_bound () ctia STL C++. Va chinh la bai toan tim vi tri cheén tinh tit phai sang.
+ Cach cai dat cia tac gid gan nhu diy trén mot trong nhitng phién ban cai dit ham upper_bound ()
ctia STL C++. Céac ban cé thé tham khao cach cai dit bang C++ va submit.

0 phan cai dit, thay vi diing chi s6 L = —1 nhu tac gia,  day van dung dudce cho python tuy nhién
do python c6 stt dung chi s6 -1 khi truy cap day cho nén khi viét toi cdm gidc bi ngugng. Ban cai dat
nay tuong tu nhu cach dung ham bisect_right ().



B.py
1 from sys import stdin
2 def bisect_right(a, x, lo=0, hi=None):

3 """Return the index where to insert item x in list a, assuming a is sorted.
4 The return value i is such that all e in al[:i] have e < x, and all e in
5 al[i:] have e >= x. So if x already appears in the list, a.insert(x) will
6 1insert just before the leftmost x already there.
7 Optional args lo (default 0) and hi (default len(a)) bound the

8 slice of a to be searched.

9 nnn

10 if lo < O:

11 raise ValueError(’lo must be non-negative’)

12 if hi is None:

13 hi = len(a)

14 while lo < hi:

15 mid = (lo + hi) >> 1

16 if x < a[mid]: # Change <= to <, and you get bisect_right.#

17 hi = mid

18 else:

19 lo = mid + 1

20 return lo

21 """Main function"""

22 d = [int(x) for x in stdin.readline().strip().split()]

23 L = [int(ele) for ele in stdin.readline().strip().split()]

24 query = [int(ele) for ele in stdin.readline().strip().split()]

25 for i in query:

26 print(bisect_right(L, 1))

Hoan toan tuong tu vay cho bai C.

3.3 Problem C

Phat biéu bai toan: O day toi dich lai noi dung bai todn, néu ban thich doc nguyén béan tiéng Anh thi
xem link & 3.3.
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ﬁ[Bai tap 3: Gan bén trai nhét] <

Cho mot day s6 nguyen A = {aj,as,...,a,} sip tht tu khong gidm va k truy van. V6i mdi truy
van, tim chi muc nhé nhét clia mot phan t trong day khong nhé hon phan ti cho truée.

Input

e Dong thit nhét chita hai s6 nguyén duong n, k théa 0 < n,k < 10°, n I kich thudc clia day va
k cau truy van.

e Dong thit hai chita n phan t clia ddy c6 thit ty khong gidm, mdi phan t c6 gia tri tuyet ddi
nhé hon hoic bang 2.10°.

e Dong thit ba chita k& phan tit 1& cac sd nguyén cho céc truy van.

Output

e Ung v6i mdi truy van in ra chi s nhé nhat ciia mot phan t&t mang khong nhé hon s6 da cho,
néu khong c6 in n+1. Mdi sb in trén mot dong.

Samples

Input samples
55

33589
248110
Output samples

DD = oW

Nhan xét va giai:

o

Warning: Day chinh 1a thuat toan bisect_left () ctia thu vién bisect va hoan toan tuong ty thuat
toan lower_bound() cia STL C++.




C.py
1 from sys import stdin
2 def bisect_left(a, x, lo=0, hi=None):

3 """Return the index where to insert item x in list a, assuming a is sorted.
4
5 The return value i is such that all e in a[:i] have e < x, and all e in
6 ali:] have e >= x. So if x already appears in the list, a.insert(x) will
7 1insert just before the leftmost x already there.
8
9 Optional args lo (default 0) and hi (default len(a)) bound the

10 slice of a to be searched.

1

12 if 1o < O:

13 raise ValueError(’lo must be non-negative’)

14 if hi is None:

15 hi = len(a)

16 while lo < hi:

17 mid = (lo + hi) >> 1

18 if x <= a[mid]: # Change <= to <, and you get bisect_right.#

19 hi = mid

20 else:

21 lo = mid + 1

22 return lo

23

24 """ main() function"""

25 d = [int(x) for x in stdin.readline().strip().split()]

26 L = [int(ele) for ele in stdin.readline().strip().split()]

27 query = [int(ele) for ele in stdin.readline().strip().split()]

28 for i in query:

29 print(bisect_left(L, i)+1)

3.4 Problem D

Bai D chi 14 tng dung ctia hai ham trén v6i ¥ tudng sao chép mot doan cdc phan ti bing véi x trong
day. Mai cac ban doc va submit bai.

D.py

1 n = int(input())
2 1lst = sorted(list(map(int, input().split())))
3 k = int(input())
4 for _ in range(k):
5
6

1, r = list(map(int, input().split()))
print(bisect_right(lst, r) - bisect_left(lst, 1), end=’ ’)

10
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