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1 GIOI THIEU

Bai viét nay dé cap dén mot ciu tric dit lieu goi 14 Disjoint Set Union hay viét tit 13 DSU va duge liet
ké vao dang cAu tric cay. Ngoai ra né con duge goi bing mot tén khac 1a Union Find béi vi cu tric nay
6 hai phép toan (ham) chinh, d6 la:

e Phép két hgp (Union) hai tap hop bat k.

e Phép tim (Find) mot phan ti ¢6 trong mot tap hop hay khong?
Noi dung 1y thuyét va thuc hanh dua trén hai tai lieu chinh 'dé6 la:

e http://codeforces.com/edu/course/2/lesson/7

e https://cp-algorithms.com/data_structures/disjoint_set_union.html

Phién ban ban dau ctia DSU con ¢6 théem mot thao téc nita, cho nén giao dién (interface) co ban
clia cau tric nay duge xem cé ba thao tac cd ban sau:
e make_set(v) - Tao tap hop mdi v6i phan tit v.

e union_sets (a, b) - Hgp nhat hai tap hgp duge chi dinh (tap hop chita phan tit a vh tap hgp
chita phan t1 b).

e find_set (v)- Tra vé phan tit dai dién (con goi 1a thi linh) clia tap hgp chita phan tit v va né c6
thé thay déi trong qué trinh hop nhéit. Phan ti dai dien diing dé kiém tra hai phan t& bat ky a va
b c6 cuing thuéc mot tap hay khong.

Céc ham trén déu thyc hién v6i thoi gian trung binh gan nhu O(c) vé6i ¢ 1a hing s6 cho nén né la
mot cau tric dit lisu cye ki hiéu qua cho 16p cac bai toan sau:
1. Thuat toan Kruskal cho tim cay khung nhé nhét.
2. Tim kiém trén cay.

3. Thyc hién mot sé bai toan c6 tinh online ? trén dd thi nhu: Kiém tra thanh phan lién thong, tim
cau, tim diém khép.

4. Két hgp v6i cac cau tric khac nhu RMQ, LCA.

2 CAI DAT CAU TRUC

DSU c6 nhiéu cach cai dat, tuy nhién cai dit dudi dang cay (Tree) 1a t6t nhat cho nén DSU c¢6 thé xem
nhu mot trong nhitng cau tric dit lieu cay (BIT, segment Tree, Treap, Sqrt Tree, Randomized Heap),
mdi cay 1a mot tap hop va phan tit gbc (root) duge xem la phan tit dai dién clia tap hop.

Xét vi du nhu hinh 1 biéu dién tap hgp véi cay nhu sau:
Nhin vao hinh, ta thay:

1. Ban dau moi phan tt bit dau nhu mot tap hop ¢6 mot phan tit duy nhét va né chinh 1a gée (phan
tit dai dién) cho tap hgp. Ta c6 4 tap.

1T4c gia chi viét lai thanh ban tiéng viet v c¢6 hiéu chinh noi dung theo ¥ c4 nhan ctia minh, moi ngudi doc va gii ¥
kién phan hdi theo dia chi email & trang dau bai viét.

2Thuat ngit ciia dan lap trinh thi ddu nghia la dit liéu ciia dd thi thay d8i trong qua trinh truy van, ngugc lai 13 offline
di lieu khong thay ddi trong qué trinh truy vin


http://codeforces.com/edu/course/2/lesson/7
https://cp-algorithms.com/data_structures/disjoint_set_union.html
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Hinh 1: M6 hinh cay cho DSU

2. Sau d6 ta két hop tap hgp chita phan ti 1 va tap hop chita phan t1t 2 (1 duge chon lam dai dién).
Ta c6 3 tap.

3. Tiép theo ta két hop tap hop chita phan tit 3 va tap hgp chiia phan tit 4 (3 dai dién). Ta c6 2 tap.
4. Va & budc cudi cuing, ta két hgp tap hgp chita phan tit 1 va tap hgp chita phan ti 3 (1 dai dien).
Ta c6 1 tap
D@ thuec hién, didu nay c6 nghia la chiing ta sé phai duy tri mot méng cha (parent) luu trit mot tham
chiéu dén t6 tién truc tiép clia né trong cay.

Dé ndm bit t6t hon vé ciu tric nay ta bat dau véi bai toan thi nhit nhu sau:



ﬁ[Bai tap 1: Disjoint Set Union] ~

Hay cai dat cau tric DSU véi hai phép toan truy van sau:

e union u v hop hai tap hop chi dinh bdi hai phan t& u va v.

o get u v kifm tra xem u va v c6 cling mot tap hay khong?.
Input

- Dong dau tién chia hai s6 nguyen duong n, m théa 1 < n,m < 10° 1a s lugng céc phan ti
va s truy van.

- m dong tiép theo mo ta hai dang truy van trén va 1 < u,v < n.

Output

- In két qua cho truy van dang get u v 1a YES néu u,v cing mot tap va NO néu ngugc lai.

Samples

input output
4 4 NO
union 1 2 YES
union 1 3
get 1 4
get 2 3

Link ndp bai: http://codeforces.com/edu/course/2/lesson/7/1/practice/contest/289390
problem/A
N J

LOI GIAT:

2.1 Phuong an Naive

Phuong an ndy cyc ky don gidn nhu dinh nghia clia ciu tric dit lieu nay. St dung mot mang duy nhat
goi 1a parent chita phan tit dai dién nhu phan gi6i thiéu trén. Phép tao tap hop make_set(v) cho v lam
phan ti dai dién.

Dé két hop hai tap hop union_set(a, b), trudc tien ching ta tim dai dién ciia tap hop ma a duge
dit va dai dién ctia tap hop c6 b. Néu cac dai dién gidéng hét nhau, ma ching t6i khong phai lam gi, cac
tap hop da duge hgp nhat. Néu khong, chiing ta c6 thé chi dinh mot cach don gian ring mot trong céc
dai dién la cha ctia dai dién kia (chon a)- do d6 két hgp hai cay.

Cubi ciing 13 viéc thie hien ham tim phan tit v (find_set (v)), ching ta chi can leo lén dinh td
tien ctia dinh v cho dén khi chtung ta dén gbc, tiic 1a mot dinh sao cho tham chiéu dén to tien dan dén
chinh né. Thao tac nay dé dang thiyc hién mot cach dé quy.

M4 ngudn nhu sau:


http://codeforces.com/edu/course/2/lesson/7/1/practice/contest/289390/problem/A
http://codeforces.com/edu/course/2/lesson/7/1/practice/contest/289390/problem/A

ANaive.cpp

1 #include <bits/stdc++.h>

2 using namespace std;

3 vector<int> p;

4 void Init(int n) {

5 p-resize(n+1);

6 for (int 1 = 1; i <= n; i++) {
7 plil = 1i;

8 }

9 }

10 int find_set(int x) {

11 if (x == plx])

12 return Xx;

13 return find_set(p[x]);

14 }

15 void union_set(int x, int y) {

16 x = find_set(x);

17 y = find_set(y);

18 if (x '=y) {

19 plyl = x;

20 }

21 }

22 int main() {

23 ios::sync_with_stdio(0); cin.tie(0);
24 int n, m; cin >> n >> m;

25 Init(n);

26 while (m--) {

27 string s;

28 int x, y;

29 cin >> s >> x >> y;

30 if (s == "union") union_set(x, y);
31 else {

32 if (find_set(x) == find_set(y)) cout << "YES\n";
33 else cout << "NO\n";

34 ¥

35 }

36 return O;

37}

Do phiic tap ctia ham find_set (v) trong truong hgp nay c6 do phiic tap xau nhat 1a O(n) khi cay
thoai héa thanh diy x4y ra khi ta hgp nhat tap hgp cac phan ti ¢6 trat ty lién tiép nhau. Dan dén ma
ngudn trén sé bi TLE khi gip n, m khoang 16n hon 10%.



Bai tap khuyén khich
Bai 1. Vé cay DUS cho cac phép hgp sau:
n=10;

union_set(1, 2);
union_set(3, 4);
)

union _set(9, 10);

(

(
union_set(8, 9

(
union_set(5, 7)

(

union _set(8, 7);
union_set(1, 10);

Bai 2. V& cay DUS cho cac phép hgp sau:
n=10;

union_ set(1, 2

union _set(2, 3

union_set(3, 4

union_ set(4, 5

union_set(6, 7

union_set(7, 8

union_set(8, 9

)

(1, 2)
(2,3)
(3,4)
(4,5)

union_set(5, 6);
(6, 7)
(7, 8)
(8,9)
(

union _set(9, 10);

2.2 Cai tién nén dudng di véi find_set (v)

Giai phap nay dugce ap dung dé nang cao hiéu qua ciia ham find_set (v) tranh trudng hgp bi suy bién
do phép hop nhat tao ra.

Néu chiing ta goi find_set (v) cho mét sb dinh v, ching ta thyc sy tim thiy dai dién p cho tat ca
cac dinh ma ching ta truy cap trén dudng di giita v va dai dién thyc té p. Bi quyét 13 lam cho cac dudng
dén cho tit ca cac nit dé ngin hon, bing cach dat tryc tiép dinh cha ctia mdi dinh dudgc truy cap thanh
p.

Ban c6 thé xem hoat dong trong hinh 2 sau day. O ben tréi c6 mot cai cay, va & bén phai c6 cay nén
sau khi goi find_set (7), né rat ngin dudng din cho cac nut da truy cap 7, 5, 3 va 2.

M3 ngudn cai tién ctia ham find_set (v):

1 int find_set(int x) {
2 if (x == plx])

3 return Xx;

4 return p[x]=find_set(p[x]);
5
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Hinh 2: Mo hinh cay cho DSU nén dusng di

Viéc cai tién don gian nay mang lai hieu qui ma ta mong dgi, ban da accept dudc cho bai toan thit nhat
4 tren v6i do phiic tap O(logn) (khong chiing minh § day). Bang céch goi dé quy ta tim dugce cac phan
tt dai dién, sau d6 qua trinh lam rong stack s& gan phan t1t nay cho cdc moéc ndi parent[] § cac phan ti
da di qua. Thuat toan nay c6 thé viét bing lap nhu sau:

1 int find_set(int x) {

2 while (x !=p[x] ){

3 plx] = plplx]]1; // Skip one level
4 x = p[x]; // Move to the new level
5 }

6 return Xx;

7}

i ]

Bai tap khuyén khich
Bai 3. Vé lai cay DUS cho hinh 2 trén sau khi goi ham find_set (8)

2.3 Cai tién vé6i phép hop nhit union_set(a, b)

Ngoai phép cai tién trén ngudi ta con dua ra thém mot gidi phap cai tién nita tiép can trén ham
union_set(a, b)

2.3.1 Hgp nhét theo kich thudc (s niit) ctia cay
Phép hgp chon dinh dai dién ctia cay mdi dya theo tieu chi sd lugng (size) cia cAc niit trong hai cay con,
cay nao nhiéu nit hon sé dude chon lam dai dién.

Dé thyc hién diéu d6, ta khai bao thém mot mang (sz) 1 kich thudc clia mdi tap va duge khéi tao
gia tri 1 Iic ban dau cho mdi cay.
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) kich thu6c hai cay con (b) Hop theo kich thudc (size)

Hinh 3: Phép hdp duya vao sd lugng nit clia cay

ASize.cpp
1 #include <bits/stdc++.h>
2 using namespace std;
3 vector<int> p, sz;
4 void Init(int n) {
5 p.resize(n+1); sz.resize(n+l);
6 for (int 1 = 1; i <= n; i++) {
7 plil = 1i; sz[i] = 1;
8 }
9 }
10 int find_set(int x) {
11 if (x == plx])
12 return x;
13 return find_set(p[x]);
14}
15 void union_set(int x, int y) {
16 = find_set(x); y = find_set(y);
17 if (x 1= y) {
18 if (szl[x] < szlyl)
19 swap(x, y);
20 sz[x] += szlyl;
21 plyl = x
22 }
23}
24 int main()
25 |
26 os::sync_with_stdio(0); cin.tie(0);
27 int n, m; cin >> n >> m;
28 Init(n);
29 while (m--) {
30 string s;
31 int x, y; cin >> s >> x >> y;
32 if (s == "union") union_set(x, y);
33 else {
34 if (find_set(x) == find_set(y)) cout << "YES\n";
35 else cout << "NO\n";
36 }
37 }
38 return O;
39}




(i)
Bai tap khuyén khich

Bai 4. Vé cay DUS cho cac phép hgp c6 cai tién hop theo kich thudc sau:
n=10;
union_set(1, 2);
union _set(4, 3);

) )

union _set ;

);

);

union_set(3, 5);
5, 6);

6, 7);

7, 8):

union _set

) ?

union_set(9, 10);

(
(
(
union _set(
(
(
(
(

union_set(1, 10);

Chu y: Khong st dung phép nén duong di trong bai tap nay.

2.3.2 Hop nhat theo dé sau ctia cay

Phép hgp chon dinh dai dién ctia cay mdéi dya theo tidu chi do sdu (depth hay con goi la rank) ctia hai
cay con, cdy nao c6 do sau 16n hon sé duge chon lam dai dién.

Tuong tu phép cai tién theo kich thudc, ¢ day ta khai bao mot mang dé luu do sau ciia cay (depth
ho#ic rank) v6i khéi tao ban dau 1a 0, tiic 13 § mitc ntt goe chua ¢6 phan tit ndo c6 gid tri do sau bing
khong (mot sb cai dit c6 thé gan bing 1).

o e

(a) union_set(4, 6) (b) Hop hai cay

Hinh 4: Phép hgp dya vao do sdu cla cay

10



ADepth.cpp

1 #include <bits/stdc++.h>

2 using namespace std;

3 vector<int> p, depth;

4 void Init(int n) {

5 p.resize(n+l); depth.resize(n+1);
6 for (int 1 = 1; i <= n; i++) {
7 plil = 1i;

8 depth[i] = 0;

9 }

0}

11 int find_set(int x) {

12 if (x == plx])

13 return x;

14 return find_set(p[x]);

15

16 void union_set(int x, int y) {

17 x = find_set(x); y = find_set(y);
18 if (x '=y) {

19 if (depth[x] < depthly])

20 swap(x, y);

21 plyl = x;

22 if (depth[x]==depthl[y])

23 ++depth[x];

24 }

25 }

26 int main()

27 {

28 ios::sync_with_stdio(0); cin.tie(0);
29 int n, m; cin >> n >> m;

30 Init(n);

31 while (m--) {

32 string s; int x, y;

33 cin >> s >> x >> y;

34 if (s == "union")

35 union_set(x, y);

36 else {

37 if (find_set(x) == find_set(y)) cout << "YES\n";
38 else cout << "NO\n";

39 ¥

40 }

41 return O;

42 }

C4 hai giai phap hgp nhat déu c6 ciing tinh hiéu qua néu khong 4p dung két hgp véi phép nén duong di
thi c& hai déu c6 do phiic tap O(logn) va cai dit cling gan nhu nhau.

11



(i)
Bai tap khuyén khich

Bai 5. V& cay DUS cho cic phép hgp c6 cai tién hop theo do sau (depth, rank) sau:
n=10;

union_set(1, 2

union _set(4, 3

)
)
union_set(3, 5);
)
)
)

union _set

6, 7);
7, 8);

union _set

) ?

union_set(9, 10)

(
(
(
(
union_set(
(
(
(

union_set(1, 10);

Chu y: Khong st dung phép nén duong di trong bai tap nay.

Trong trudng hgp ca hai giai phap union_set (v) cling két hop véi gidi phap nén dudng di clia thuat
toan find_set(v) phép xit Iy cho mdi truy van véi do phiic tap gan nhu hing s6. Cu thé duge ching
minh trong mot bai bao ciia tac gia Tarjan nam 1975 va Kurt Mehlhorn va Peter Sanders nam 2008 véi
do phitc tap O(a(n)), trong d6 ham a(n) 1a ham nghich dido Akkerman c6 do tang rat cham véi n < 10590
thi a(n) c6 gia tri khong qua 4.

3 UNG DUNG CUA DSU

3.1 Mot sb6 phép toan théng ké

12



ﬁ[Bai tap 2: Disjoint Set Union 2] ~

Hay cai dat cau tric DSU véi hai phép toan truy van sau:

e union u v hop hai tap hop chi dinh bdi hai phan ti& u va v.

e get v tim tap hgp chita v va tim: phan t& nhoé nhit, 16n nhat va s6 lugng cac phan ti trong
tap chita v.

Input:

- Dong dau tién chita hai s6 nguyén duong n, m théa 1 < n,m < 3.10° 1a s6 lugng cac phan ti
va sb truy van.

- m dong tiép theo mo t4 hai dang truy van trén va 1 < v < n.
Output:

- In két qua cho truy van dang get v va in cac gia tri can tim géom: phan tt nhd nhat, phan ti
16n nhét va sd phan ti clia tap.

Examples

input output
5 11 331
union 1 2 122
get 3 133
get 2 551
union 2 3 45 2
get 2 155
union 1 3
get 5
union 4 5
get 5
union 4 1
get 5

Link nop bai: http://codeforces.com/edu/course/2/lesson/7/1/practice/contest/289390
problem/B
N J

LOT GIAT:

Khai bao thém hai méng ding dé chita s6 nhé nhat ciia tap va s6 16n nhat ciia tap, rieng sb lugng
cic phan ti ctia tap thi dung luén mang size trong phép hgp cai tién véi kich thudc.

Ma ngudn da accept:

13
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Bsol.cpp
1 #include <bits/stdc++.h>
2 using namespace std;
3 vector<int> p, sz, Min, Max;
4 void Init(int n) {
5 p-resize(n+1);
6 sz.resize(n+1);
7 Min.resize(n+1);
8 Max.resize(n+1);
9 for (int 1 = 1; i <= n; i++) {
10 plil = i; sz[i] = 1; Min[il= i; Max[i]=i;
11 }
12}
13 int find_set(int x) {
14 if (x == p[x]) return x;
15 return p[x]=find_set(p[x]);
16}
17
18 void union_set(int x, int y) {
19 x = find_set(x);
20 y = find_set(y);
21 if (x '=y) {
22 if (sz[x] < szlyl)
23 swap(x, y);
24 sz[x] += szlyl;
25 plyl = x;
26 Min[x] = min(Min[x], Min[y]);
27 Max [x] = max(Max[x], Max[y]);
28 }
29}
30
31 int main() {
32 ios::sync_with_stdio(0); cin.tie(0);
33 //freopen("dl.inp", "r", stdin);
34 int n, m; cin >> n >> m;
35 Init(n);
36 while (m--) {
37 string q; cin >> q;
38 if(q == "union"){
39 int x,y; cin >> x >> y;
40 union_set(x, y);
41 }
42 else{
43 int x; cin >> x;
44 int g = find_set(x);
45 cout << Min[g] << " "<<Max[g]<< " "<<sz[g]<<’\n’;
46 }
47 }
48 return O;
49 }

3.2 Bai toan online - thanh phan lién théng

14



ﬁ[Bai tap 3: X6a canh do thi va kiém tra lien th@ng] N

Cho dd thi vo huéng G = (V, E). Hay thuc hién hai phép todn truy van sau trén G

e cut u v Xo6a canh néi hai dinh v va v ra khéi do thi.
e ask u v Kiém tra xem u v v ¢6 thudc ciing mot thanh phan lien théng hay khong?

Sau khi thuyc hién hét cic thao tac truy van trén chic chan G sé khong con canh ndo. Vui long
in két qua clia cac truy van ask.

Input:
- Dong dau tién chita ba sé nguyén duong n, m, k théa 1 < n < 50000,0 < m < 100000, m <
k < 150000 1a s6 luong dinh, canh ctia dd thi kém véi k truy van.

- m dong tiép theo gdm hai s6 nguyén duong u;, v; md ta canh ndi gitta hai dinh ctia G thoa
1 < u;,v; < n. Dinh danh s6 tit 1 va G khéng c6 canh lap, khuyén.

- k dong tiép theo mo t& hai dang ctia truy van va mdi canh chi thyc hién vige cat bd (cut,
remove) diing mot 1an.

Output:

- In két qua cho truy van dang ask v v 1a YES néu hai dinh cing mo6t thanh phan lién thong
va in NO néu ngudc lai.

Examples
input output
337 YES
12 YES
23 NO
31 NO
ask 3 3
cut 1 2
ask 1 2
cut 1 3
ask 2 1
cut 2 3
ask 3 1

Link nop bai: http://codeforces.com/edu/course/2/lesson/7/1/practice/contest/289390
problem/D

. J

LOI GIAT:

Day 13 mot bai toan tim kiém trén do thi rat co ban, c6 thé giai quyét né bing DFS hosic BFS. Tuy
nhién, do dic thit online (da giai thich & trén) nén phép cai dat DUS hoan toan thuan 1¢i cho bai toan
nay. Viéc g6 bé mot canh va dém hoiic xac dinh thanh phan lién thoéng, s6 thanh phan lién thong ciing
chinh 12 bai toan x4c dinh canh gd bd dé c6 phai 1a cAu hay khong.

D1t kién clia bai toan cho phép ngudi giai biing nhiéu thuat todn vi du nhu DFS hay BFS. Riéng v6i
cach giai v6i DUS thi phan dit liéu cho do thi khong can thiét v nguoi dung doc ki phan chd § clia dé
(Sau khi thyc hign hét cac thao tac truy van trén chic chan G sé khong con canh nao), do vay quy trinh

15
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ngugc lai d6 1a v6i tap réng thay vi x6a l1a vé canh, cho nén bai todn nay gidi véi DUS sé thyc hién cac
truy van véi chiéu ngugc lai.

ADepth.cpp
1 #include <bits/stdc++.h>
2 using namespace std;
3 vector<int> p, sz;
4 void Init(int n) {
5 p.resize(n+1); sz.resize(n+l);
6 for (int 1 = 1; i <= n; i++) {
7 plil = 1i; sz[i] = 1;
8 }
9 }
10 int find_set(int x) {
11 if (x == p[x]) return x;
12 return p[x]=find_set(p[x]);
13
14 void union_set(int x, int y) {
15 x = find_set(x); y = find_set(y);
16 if (x '=y) {
17 if (sz[x] < szlyl) swap(x, y);
18 sz[x] += szly];
19 plyl = x;
20 }
21 }
22
23 int main() {
24 ios::sync_with_stdio(0); cin.tie(0);
25 int n, m, q; cin>>n>>m>>q;
26 Init(n);
27 //Bd qua dit 1idu dd thi.
28 for(int i=0; i<m; i++){
29 int u,v; cin>>u>>v;
30 }
31 string slql; int ulql,vlql;
32 for(int i=0; i<q; i++)
33 cin>>s[i]>>uli]>>v[i];
34 vector<string>ans;
35 for(int i=qg-1; i>=0; i--){
36 if(s[i]l=="ask"){
37 int pu=find_set(ulil);
38 int pv=find_set(v[il);
39 ans.push_back ((pu==pv?"YES":"N0"));
40 }
41 else union_set(ulil,v[il);
42 }
43 if (ans.size()) reverse(ans.begin(),ans.end());
44 for(auto it: ans)
45 cout<<it<<"\n";
46 return O;
a7}
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4 BAI TAP DE NGHI
4.1 Bai C

https://codeforces.com/edu/course/2/lesson/7/1/practice/contest/289390/problem/C

4.2 Bai E

https://codeforces.com/edu/course/2/lesson/7/1/practice/contest/289390/problem/E

4.3 Bai toan: Cac thung nuéc

https://o0j.vnoi.info/problem/ioibin

4.4 Bai toan: Pha dudng

https://o0j.vnoi.info/problem/ghroad

HEN GAP LAT O BAI DUS KE TIEP
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